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$\gamma:S^{1}arrow \mathrm{R}^{2}$ , $0$
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Theorem(Whitney, 1937 [W]). $\gamma:S^{1}arrow \mathrm{R}^{2}$ . ,
. ,
. ,
$r\cdot(\gamma)$ =+1+7-,\Gamma ’{ }--#{ },






(no$7mal$ cfosed curve) .













Theorem(Whitney-Graustein, 1937 [W]). $\gamma_{0},$ $\gamma_{1}$ : $S^{1}arrow \mathrm{R}^{2}$
. ,
$\gamma_{0}\cong_{R\gamma_{1}}\Leftrightarrow r\cdot(\gamma 0)=r(\gamma 1)$ ,





$M$ , $T_{x}M$ $M$ $x$ , $\gamma:S^{1}arrow M$
. , $S^{1}=\mathrm{R}/\mathrm{Z}=[0,1|/\sim$ ($\sim$ $0$ 1





. $\gamma$ , $\vec{\gamma}:S^{1}arrow UTM$ ,
$\vec{\gamma}(t):=\dot{\gamma}(t)/|\dot{\gamma}(t)|$ ,
.
, $\gamma(0)=X\in M,\vec{\gamma}(0)=x\in UT_{x}M$ .
Theorem(Smale, 1958 [S]) $\gamma 0,$ $\gamma_{1}$ : $s^{1}arrow M$ . ,
$\gamma_{0}\cong_{R\gamma 1}\Leftrightarrow[\gamma_{0}^{\neg}]=[\gamma_{1}^{arrow}]\in\pi_{1}$ (UTltI, $x$ ),
. - , [ $|$ $\vec{\gamma_{i}}(i=1, \underline{9})$ .
Smale ,
, , 1 1
. .
Corollary. $\dim M\geq 3$ . , $M$ 2
, .
83
$\dim M\geq 3$ ,








, – . , $M$
.
$p’$
$p’$ : $\pi_{1}(UTM, x)arrow\pi_{1}(UTM, x)/[\pi_{1}(UTM.X’), \pi 1(U\tau M, x)]$ ,
. $\pi_{1}(UTM, x)/[\pi_{1}(UTM, X),$ $\pi 1(UT$
$M,$ $X)]\cong H_{1}(UTM;\mathrm{Z})$ \ddagger $\eta,$ $p’\#^{\backslash }\mathrm{f}\pi_{1}(UTM, x)\mathrm{B})\text{ }H_{1}(UTM;\mathrm{Z})\sim\sigma)$
. , $p:UTMarrow M$
$p_{*}:$ $H_{1}(UTM;\mathrm{Z})arrow H_{1}(M;^{\mathrm{z}})$ ,
, .
$0arrow 1_{\backslash }\mathrm{e}\mathrm{r}p_{*}arrow H_{1}(UTM;\mathrm{Z})^{\mathrm{P}}arrow H1(M;\mathrm{Z})arrow \mathrm{O}$ $(*)$






$c_{0}$ : $s^{1}arrow M$ , $M$ .
, $p’([c0arrow])$ $1_{1}\prime \mathrm{e}\mathrm{r}p_{*}$ .
, $(*)$ splitting
$\mu:H_{1}(M;\mathrm{Z})arrow H_{1}(UTM;\mathrm{z})$ ,
1 . , $p_{*}\circ\mu=1$ ,
$p’([\vec{\gamma}])-\mu \mathrm{O}p*^{\mathrm{O}}\mathrm{P}’([\vec{\gamma}])\in 1_{\backslash }r\mathrm{e}\mathrm{r}p_{*}J^{\cdot}$
. , $n\in \mathrm{Z}$ ,
$p’([\vec{\gamma}])-\mu \mathrm{o}p_{*}\mathrm{o}p’([\vec{\gamma}])=np’([C_{0}arrow])$ ,
. $1\searrow \mathrm{e}\prime \mathrm{r}_{P}*\cong \mathrm{Z}/\chi(M)\mathrm{Z}$ , $n$ ( $\chi(M)$
– .
Definition(Reinhart, 1960 $[\mathrm{R}|$ ). $M$ ,
. , $\gamma:S^{1}arrow M$ $r_{\mu}$ ,
$r_{\mu}(\gamma)$ $:=n\mathrm{m}\mathrm{o}\mathrm{d}_{/}\chi(M)$




(2) $r_{\mu}$ $\mathrm{Z}/\chi(M)\mathrm{Z}$ . $M=T^{2}$ $\mathrm{Z}$ .
(3) $H_{1}(M;^{\mathrm{z}})\neq 0$ , $\mu$ $r_{\mu}$ .
(4) $\gamma=0$ in $H_{1}(M;^{\mathrm{z}})$ , $\gamma_{\mu}(\gamma)$ $\mu$ .
(5) $H_{1}(M;\mathrm{Z})=0$ , , $M$
$M=S^{2}$ , $\mu$ $0$ $r_{0}(\gamma)\in \mathrm{Z}/2\mathrm{Z}$ . ,
Whitney $7^{\cdot}0(\gamma)$ ,
$r_{0}(\gamma)=1+$ mod $\underline{9}\in \mathrm{Z}/2\mathrm{Z}$ ,
.
$M$ $T^{2}$ , $r_{\mu}$
1 . , $H_{1}(M., \mathrm{Z})$
, $\mu$ .
$\alpha,$
$\beta$ $H_{1}(M;^{\mathrm{z}})$ . , $\mu:H_{1}(M;\mathrm{z})arrow H_{1}(UTM$ ;
Z) $H_{1}(M;^{\mathrm{z}})$ , $H_{1}(M;\mathrm{z})=^{\mathrm{z}\mathrm{Z}}\alpha\oplus\beta$ .
, $(**)-$ $T^{2}$ 2 $\mu_{1},$ $\mu_{2}$
. $(**)$






. $\alpha,$ $\beta$ $\mu$ , $\mu$
$H_{1}(M;^{\mathrm{z}})$ .
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Remark. $\mu$ $r_{\mu}$ , $(**)$ $\mu_{1},$ $\mu_{2}$
.
Defenition. $r_{\mu}$ $T^{2}$ .




$M$ $\gamma$ , $t(\gamma)$
. .
$l\mathcal{V}I$
$\gamma$ $p$ , $\gamma$ 2
. 1 $p$ , $p$
1 . $\gamma_{p}$ ,




Definitlon([TK], [T1]). $M$ , $\gamma:S^{1}arrow M$
. ,










(2) $t(\gamma)$ $\mathrm{Z}$ .
88
(3) $r_{\mu}$ $\mu$ , $t(\gamma)$
.
(4) $\gamma=0$ in $H_{1}(M$ ; , $t(\gamma)$ $0$ . ,
.
(5) (4) , $\gamma$ $t(\gamma)$ $0$ .
,
$r_{\mu}(\gamma)$ $t(\gamma)$ , , $T^{2}$ null-homologous
, 2 – .




1 $T^{2}$ $t(\gamma)$ , null-homologous
$\gamma$ , $7^{\cdot}(\gamma)$ $t(\gamma)$ – , null-homologo

























. $A\subset S$ ,
$\sigma(A)=\#\{A\mathrm{n}S+\}-\#\{A\cap s-\}$ ,
$A^{-1}=\{x^{\mp}|x^{\pm}\in A’\}$ ,
. $a_{i^{+}}$ $a_{i^{-}}$ $S_{i}$ , $\overline{S}_{i}=$
$S_{i}\cup\{a_{i^{\pm}}\}$ .




$t(\gamma)$ , $\alpha_{i},$ $\beta_{ij}$ .
Theorem 2([TK], [T1]). $M$ , $\gamma$ $\mathrm{i}|/I$
. , $\mathrm{a}\mathrm{W}’\backslash \gamma(S^{1})$ .
,
$t(\gamma)=\#$ { $i|\alpha_{i}=0$ and $\beta_{ij}=0$ for any $j$}
$-\#${ $i|\alpha_{i}=0$ and $\alpha_{j}+\beta_{ij}=0$ for any $j$ },
.
GauJ3 , $\alpha_{i}\neq 0$ $i$ ,
nu -homologous . ,
$\alpha_{i},$ $\beta_{ij}$ ,




: Whitney $T^{2}$ .
, Cairns Elton $\alpha_{i},$ $\beta_{ij}$ ,
$\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ .




Gau13 lemma. $\mathrm{n}\mathrm{u}\mathrm{l}1- \mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}1_{0_{6}^{\sigma_{\mathrm{O}}}}\mathrm{u}\mathrm{S}$ (
) $\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ $\alpha_{i}$ , $i$ $0$
.
Cairns Elton $\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ .







. $\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ , 1 9
.
$g=1$ , $T^{2}$ , .
Theorem 3 $([\mathrm{T}2|)$ . $\gamma$ $T^{2}$ . ,
$\alpha_{i}=\frac{\underline{9}}{n-t(\gamma)}.\sum_{j=1}^{n}\beta ij$ for any $i$
.
$n-t(\gamma)$ $0$ .






[CE] Cairns, G. and Elton, D. M.: The Planarity Problem for Signed
Gauss Words, J. of Knot $Theon/and$ Its Ramif. 2 (1993), 359-367.
[F] Francis, G. K.: Generic Homotopies of Immersions, India. Math.
Jour (12) 21 (1972), 1101-1111.
[K] K\"oing, D.: Theorie der endlichen und unendlichen Graphen, Leipzig,
1936.
[R] Reinhart, B. L.: The Winding Number on Two Manifolds, Ann.
Inst. $Fou7\dot{\eta}er$, Grenoble 10 (1960), 271-283.
[S] Smale, S.: Regular Curves on Riemannian Manifolds, Trans. Amer.
Math. Soc. 87 (1958), 492-512.
[W] Whitney, H.: On $\mathrm{r}\mathrm{e}_{b}\sigma \mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ closed curves in the plane, Comp. Math.
4 (1937), 276-286.
[TK] Tanio, H. and Kobayashi, $0.$ : Rotation Numbers for Curves on a





[T2] Tanio, H.: A generalized $\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ Problem concerning $\mathrm{G}\mathrm{a}\mathrm{u}\mathrm{B}$ Words,
( )
94
